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Introduction of Orientational Information into the Triple-Product Sign Probability 
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A probability formula for the signs of triple products Uh Uh' Uh + h' is derived, in which previous knowl- 
edge of molecular orientation is accounted for. For lower-order triple products considerable improve- 
ment of sign prediction is obtained when the molecular orientation is determined with reasonable 
accuracy. 

Introduction 

Often, before starting a crystal-structure determina- 
tion, the conformation of  the constituent molecules is 
known, or at least partly known. Often too the  orien- 
tations of these known parts can be determined from 
the Patterson function. However, the next step, deter- 
mination of the positions of these parts, involves la- 
borious methods of deconvolution. Application of 
direct methods from this point onward should Offer 
distinct advantages. 

It will be shown that information about molecular 
orientation implies certain knowledge of the double 
Patterson function SQ(r)Q(r+u)~o(r+v)dr. Then using 
the conventional heavy-atom method, sign probabilities 
can be found for the Fourier coefficients of the double 
Patterson synthesis, that is, for the triple products 
FhFwFla+w. 

Triple-product calculations 

As was pointed out by Sayre (1953) the double Patter- 
son function: 

r ( u , v ) -  I ¢(r)o(r +u)o(r +v)dr 

can be written, for point atoms at rest, as: 

1 
T(u,v) = -V-~ 2~ 2~ v~w exp [ - 2 r i ( h .  u + h ' .  v)] (1) 

h h' 

where 
~ , -  U~ Ub, V~+~,. 

If we assume for simplicity that the structure consists 
of N equal atoms, then: 

1 N 
Ub = - -  Z exp (2nih.  rl) 

N j  

and the triple product can be expressed as: 
1 N N N  

zma,= -~-  ~ X~ Z exp {2zci[h. ( r j - r 0  + h ' . ( r ~ - r 0 ]  } . (2) 
j k 

As (2) only involves interatomic vectors, information 
about molecular orientation can be inserted into this 
formula. For the sake of argument we will restrict our 
formulae to the case of space group PT with two 

molecules in the unit cell, in which the orientations 
of the entire molecules are supposed to be determined. 

We w.rite: 
z~,=~,+~, (3) 

where 
1 2 NI2 NI2 N/2 

zM.=-Z~-Iv ~ + ~-y Z Z ~ cos {2zc[h. ( ry-r , )  
i • i k 

.or/=l=k +h ' . ( rz - rO]  } (4a) 

contains only pairs of intra-molecular vectors, that is 
i, j and k indicate atoms belonging to the same mol- 
ecule, and 

1 NN2V 
T~,= ~ T  2~ X~ X~ exp {2~zi[h. ( r y - r 0  +h'.(r~-r~)]} (4b) 

i j k  

contains all the other combinations of vectors, that is 
i, j and k indicate atoms not all belonging to the same 
molecule. The second term of Thh" ,M say ~hb', can be re- 
written as: 

2 N]2 NI2 NI2 

~hh,~--g~-~ ]~ ]~ ]~ 
lV ~ i J k 

n o t  

(cos 2z~h 

- sin 2nh 

+sin 2nh 

i=j=k 

• rI cos 2~zh'. re cos 2~z(h + h  ~) . r~ 

• rj sin 2~zh'. re cos 2~zCn + h ' ) .  r~ 

• rj cos 2nh ' .  re sin 2n0a + h ' ) .  r~ 

+cos 2zch. rj sin 2~zh'. re sin 2zc0a+h'). r 0 (5) 

where i, j and k indicate atoms belonging to the same 
molecule• Since according to (4a), ~hh' is independent 
of the choice of origin and since the molecular orien- 
tation is known, the atomic coordinates relative to 
some chosen origin can be inserted into formula (5). 
This formula was actually used for the computation• 

Another known part of %h', which, however, is of 
no use for sign-probability calculations, will be dealt 
with in the Appendix. 

Sign probability 

With reference to equation (3) the problem arises as 
to the probability P(hh') that the sign of z~, equals 
the sign of z~,. A similar problem about the probability 
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that the observed structure factor F h has the same sign 
as its known part occurred in the heavy-atom tech- 
nique. Woolfson (1956) derived an expression for this 
probability, assuming the probability distribution of 
the structure factors to be Gaussian. 

As the probability distribution of the triple products 
is Gaussian too, providing that the constituent struc- 
ture factors are independent (Kitaigorodskii, 1961), 
we can apply Woolfson's formula to our case of triple 
products. It reads, in a modified form: 

P+(h,h') ± ' [Y-M'I Thh'l--~ 
= 2 +-f tanh \ ( ( r h ~ , ) 2 )  ] . (6) 

We will derive the denominator in the same way as 
Wilson for (F  2) (Wilson, 1949). In the expression 

1 N N N  N N N  
The,= X Z E 'E Z Z exp {2rci[h.(rl-r, + n - r m )  

N 6 i " j k l m  n 
+ h ' . ( r k - r ,  + r t - rn ) ]}  (7) 

for large N only terms with (i= l) n ( j =  m) N (k = n) 
need to be considered. Therefore 

N 3 l 
(Z'h~,)- N6 - N3 (8) 

If no orientational parameters are known, formula (4) 
reduces to 

1 
~y~,_-  - U ,  ~ 

and 
< ( z ~ h , ) 2 ) = ( N 3 -  N ) / N  6 

so that according to (6) 

[ N4 ] 
P+(hh')=½+½ tanh N 3 _ N  [ghgh, gh+h, I (9) 

which approaches, for a reasonably large value of N, 
to the well-known formula developed by Cochran & 
Woolfson (1955): 

P+(hh') =½ +½ tanh [NIUbfh, Uh+h,I ] . (10) 

If we include the orientational information, developed 
in the preceding section, then: 

N3-2(½N) 3 
((Z'h~')2) = N6 

and 

P+(hh') = 12 +~ t a n h  [ N6lUhUh'Uh+h'l (¢hh' + I/N2)],(11) 
N 3 -  2(½N) 3 

where ~hh' represents the orientational contribution as 
given by (5), for the special case of two molecules in 
the unit cell (P1). 

Naturally the expression for ~hh' can be extended to 
other space groups and to the case of partial orienta- 
tional information. Also equation (1 l) can be modified 
to be applicable if the positions of some atoms are 
known (e.g. in the heavy-atom case). 

Example 
Equation (11) was tried out with the aid of an example 
taken from the literature. We chose the (010) projec- 
tion of cyclohexane-l,2-dione (Mossel & Romers, 
1964). The orientation of the molecule was found by 
inspection of the (010) Patterson synthesis. Using the 
scaling factor and temperature factor found by Wil- 
son's method (B= 1 A 2, CWilson/Cleast squares  = 1"11), 
we calculated unitary structure factors, of which only 
those with values exceeding 0.15 were included in the 
analysis. Our information regarding molecular orien- 
tation was then introduced into equation (l l) and 
probabilities P~(hh') were calculated for the triple 
products concerned. These probabilities were compared 
with probabilities P+(hh') obtained by application of 
(10) by means of an improvement index: 

1 
In= 2~ ~2 [P_~(hh')-P+(hh')]shw (12) 

F/ h h '  

where Sbh, iS the sign of each triple product as has been 
found from the structure analysis, and n the total 
number of triple products involved. Using the triple 
products (1Ul's>0"15) produced within the Cu-sphere, 
1335 was calculated to be 0.11 with the final orientation, 
and it was calculated to be only 0.01 with the orienta- 
tion found by Patterson analysis; a marked difference 
indeed. However, a pronounced improvement was ob- 
tained when only terms up to 0=30  ° were included, 
giving values I22 of 0.16 and 0.12 for the precise and 
rough orientation of the molecule respectively. The 
reason for this effect is clear: the calculated values of 
the high-order triple products are more sensitive to 
errors in molecular orientation than those of the low- 
order triple products. 

Table 1 shows the discrepancies between the coor- 
dinates of the atoms within one molecule as obtained 
from Patterson analysis, and the coordinates obtained 
from the outcome of the structure refinement, both 
relative to the same origin. 

Table 1. Orientational parameters of the cyclohexane- 
1,2-dione molecule in the (001) projection 

Parameters obtained by Patterson analysis (first and third 
column) and structure refinement (second and fourth column). 

a=6.65, b=6.21, c=6.87/~,, fl=99°49 ', P21, Z=2 .  

x(Patt.) x(L. S.) z(Patt.) z(L. S.) 
C( 1 ) 0.446 0.427 0.441 0.447 
C(2) 0.515 0.517 0.246 0.256 
C(3) 0.374 0.356 0.065 0.072 
C(4) 0.159 0.173 0.071 0.060 
C(5) 0.082 0.100 0.258 0.254 
C(6) 0.227 0.198 0.441 0.423 
O(1) 0.562 0.538 0-588 0.606 
0(2) 0.035 0-090 - 0.085 - 0.094 

Table 2 gives a survey of the probabilities P~_ (ob- 
tained from equation (11) with the rough orientation), 
p s  (obtained from equation (11) with the precise 
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Table  2. Actual signs and sign probabilities for  large triple products o f  low order 

h k l  U 
~[ 0 1 0"47 
~[ 0 1 0"47 
2[ 0 1 0"47 

0 1 0.27 
]g 0 1 0.27 

0 1 0.27 
]g 0 2 0-28 

0 2 0.28 
0 3 0.17 
0 2 0.28 
0 2 0.28 
0 2 0.28 

] 0 1 0.34 
i 0 1 0"34 
-f 0 1 0.34 
1" 0 1 0"34 
]" 0 1 0.34 
]" 0 2 0"18 
1- 0 2 0-18 
I 0 3 0"18 
f 0 3 0"18 
0 0 2 0"17 

P+: 
p+o: 
p+s : 

probability obtained from formula (10); 
probability obtained from formula (11) with rough orientation; 
probability obtained from formula (11) with correct orientation. 

h k l U h k l U s(hh') P+(hh') P+oOah') P+*(hh') 
3 0 0 0.42 ]" 0 1 0-34 + 0.90 0.99 1.00 
3 0 1 0.18 -i" 0 2 0.18 + 0.62 0.59 0-60 
3 0 2 0-29 T 0 3 0.18 - 0-69 0.19 0.29 
0 0 2 0.17 3 0 3 0.17 - 0.56 0.60 0-41 
2 0 0 0.24 T 0 1 0-34 4- 0.67 1.00 0-97 
3 0 1 0.18 0 0 2 0.17 4- 0.56 0.56 0.52 
2 0 0 0.24 ]" 0 2 0.18 4- 0.59 0.59 0.66 
3 0 0 0.42 0 0 2 0-17 + 0.56 0.56 0-63 
2 0 0 0.24 ]" 0 3 0.18 -- 0.56 0.60 0.39 
]" 0 1 0.34 3 0 3 0.17 + 0.63 0.41 0.82 
2 0 0 0"24 0 0 2 0"17 -- 0"59 0"43 0"39 
3 0 1 0"18 1 0 3 0"26 + 0-52 0"52 0"55 
"i" 0 2 0"18 2 0 3 0'41' + 0"69 1"00 0"99 
0 0 2 0"17 ]" 0 3 0'18 + 0-58 0"74 0"63 
1 0 5 0"59 0 0 6 0"70 + 0"99 1"00 1"00 
3 0 2 0"29 2 0 3 0"40 + 0"78 1-00 0-98 
4 0 0 0"21 3 0 1 0"18 - 0"60 0"54 0"45 
3 0 1 0"18 2 0 3 0"40 - 0"60 0"64 0"58 
4 0 0 0"21 3 0 2 0-29 + 0-59 0"56 0"57 
2 0 0 0"24 1 0 3 0"26 -- 0"59 0"24 0"35 
3 0 0 0"42 2 0 3 0"40 - 0"72 0"02 0"01 
3 0 0 0"42 3 0 2 0"29 - 0"66 0"35 0"34 

or ien ta t ion)  and  P+ [from equa t ion  (10)], for  the lower-  
order  t r iple  p roduc t s  (0 up to 30 o). I t  is seen f rom this  
Table  t ha t  there  is a great  increase in  rel iable signs for  
t r iple p roduc t s  af ter  i n t roduc t i on  of  s t ruc tura l  infor-  
m a t i o n  wi th  the  aid of  fo rmula  (11). I t  is evident  t ha t  
great  care mus t  be t a k e n  to de te rmine  the molecu la r  
o r i en ta t ion  as accura te ly  as possible.  

We  are indeb ted  to Professor  A . F . P e e r d e m a n  for  
va luable  discussions and  we wish to t h a n k  D r  Roel i  
O l t h o f - H a z e k a m p  for  cri t ical  r ead ing  of  the m a n u -  
script.  

A P P E N D I X  

In the case of  equal  po in t  a toms  at  rest  the  three  sec- 
t ions  u = 0, v = 0 a n d  u = v of  the double  Pa t t e r son  m a p  
are in  fact  o rd ina ry  Pa t t e r son  syntheses.  This  becomes  
mani fes t  by  wr i t ing  fo rmula  (2) as:  

fNNN 
1 1 ~ Z ~ exp {2rd[h.  ( r ~ - r  0 

+ h ' .  ( r ~ -  rO] } 
N N  

+ Z ~ exp [2ztih ' .  ( r g -  r~)] 
i # k  

N N  

+ Z Z e x p  [2z r i (h+h ' ) .  (r3"-ri)] 

} + Z 12 exp [ 2 ~ i h .  ( r~ - rO]  
iCj  

1 N N N  
= - -2 /N  z + -N- 3- ~2 ~ Z exp [21rih. ( r ~ - r i )  

i # j # k # i  

+ h ' .  ( r k -  rO] 

1 
+ W- (u~ + u~,, + uh~,,). (13) 

I t  should  be noted,  however ,  t ha t  the  second t e rm of  
fo rmula  (13) is s t rongly  cor re la ted  wi th  the  last  term.  
F o r  i f  there  is a large p e a k  at (Ul,0) and  a large p e a k  
at  (0,Vl) in the double  P a t t e r s o n  map ,  it  will  be fair ly 
p robab le  t ha t  there  will be a cons iderable  peak  at  
(ua,vl). Thus  there  will  be a s t rong  cor re la t ion  be tween  
the con t r ibu t ions  f rom large peaks  in these zero hyper -  
sect ions and  those  f rom the u n k n o w n  pa r t  of  the  doub le  
Pa t te r son .  This  cor re la t ion  p roh ib i t s  the  use of  fo rmula  
(13) for  der iving a sign p robab i l i t y  formula .  
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